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Abstract. In this paper, we study the integral representation of ^-expectations 
with two kinds of terminal constraints, and obtain the corresponding necessary 
and sufficient conditions. 
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1 Introduction 

Pardoux and Peng |15) showed that the following type of nonlinear backward 
stochastic differential equation (BSDE for short) 

f ZsdWs 

has a unique solution (P, Z) under some conditions on g, where ^ is called 
terminal value and g is called the generator. Based on the solution of BSDEs, 
Peng m introduced the notion of ^-expectations £g[-] : LP'{J-t) —t R, which 
is the first kind of dynamically consistent nonlinear expectations. Moreover, 
Coquet et al. [7] proved that any dynamically consistent nonlinear expectation 
on L'^{Tt) under certain conditions is ^-expectation. 

One problem of ^-expectation is to find the condition of g under which the 
following integral representation 

/ O noo 

- 1 )*+/ ( 1 ) 
-oo J 0 

holds. Chen et al. [5] proved that the integral representation m holds for 
each ^ e L'^{Ft) if and only if £g[-] is a classical linear expectation under the 
assumptions: g is continuous in t and W is 1-dimensional Brownian motion. 
Without these assumptions on g and W, Hu [Ellis] showed that the above 
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result on integral representation © for each ^ still holds. For the 

integral representation ([T]) with terminal constraints on ^ where $ 

is a monotonic function and X is a solution of stochastic differential equation 
(SDE for short), Chen et al. [5]2] obtained a necessary and sufficient condition 
under the above assumptions on g and VF, and gave a sufficient condition for 
multi-dimensional Brownian motion. 

In this paper, we want to study the integral representation (m with the fol¬ 
lowing two kinds of terminal constraints on ^ = <I>(X 7 ’): one is for the monotonic 
$, the other is for the measurable $. Specially, we make further research to the 
structure of Z in the BSDE and apply it to obtain the corresponding necessary 
and sufficient conditions without the above assumptions on g and W, which is 
weaker than the sufficient condition in [4] (see Remark|9]in Section 3 for detailed 
explanation). Furthermore, this method can be extended to solve more general 
terminal constraints on 

This paper is organized as follows: In Section 2, we recall some basic results 
of BSDEs and ^-expectations. The main result is stated and proved in Section 


3. 


2 Preliminaries 

Let (IFt)t>o = (kL/,..., Wf)t>o be a d-dimensional standard Brownian motion 
defined on a completed probability space (If, J-, P) and {J-t)o<t<T be the natural 
filtration generated by this Brownian motion, i.e.. 


Pt ■= o’lkFs : s < t} V J\f, 


where Af is the set of all P-null subsets. Fix T > 0, we denote by 
t G [0,r], the set of all R™-valued square integrable J-j-measurable random 
vectors and L^{0,T-,MP) the space of all progressively measurable, ]R'"-valued 



We consider the following forward-backward stochastic differential equations: 




( 3 ) 


In this paper, we use the following assumptions: 

(51) b : [0,T] X M" ^ R", cr : [0,r] x M" ^ are measurable. 

(52) There exists a constant Ki > 0 such that 


\b{t,x) — b{t,x')\ + \a{t,x) — a{t,x')\ < Ki\x — x'\, \/t < T,x,x' G K”. 

(S3) Jo{\b{t,Q)\'^ + |cr(t,0)p)dt < oo. 
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(HI) g:[0,T] X K. X —>■ K is measurable. 

(H2) There exists a constant K 2 > 0 such that 

\9{t,y,z)-g{t,y',z')\ < K2{\y-y'\ + \z -z'\), Vt < T,y,y' S R,z,z' e 
(H3) g{t,y,0) = 0 for each {t,y) £ [0,T] x R. 

(H3’) |g(t,0,0)|2dt < 00 . 

(H4) $ : R” —7> R is measurable and satisfies £ L^[Tt)- 

Remark 1 Obviously, (H3) implies (H3’). 

It is well-known that the SDE @ has a unique solution G 

r;R”) under the assumptions (S1)-(S3). Under the assumptions (HI), 
(H2), (H3’) and (H4), Pardoux and Peng [15] showed that the BSDE dSj) has 
a unique solution ,zI'^)s^[o^t\ G L^(0, T;R^^^^). Moreover, the following 
result holds. 

Theorem 2 {JTR{W^ ] Suppose (S1)-(S3), (HI), (H2), (H3’) and (H)) hold. If 
b, a, g and $ £ C^’^, then 

(i) u{t,x) := yl’^ £ x R") and solves the following PDE: 

J dtu{t, x) + Cu{t, x) + g{t, u(t, x), x)dxu{t, x)) = 0, 

\ u(T,x) = $(a;), 

where 

^ n n 

Cu{t,x) = 2 X! + ^h{t,x)dxiU{i,x). 

i,j — l i—1 


(ii) zG- = aT{s,Xl^-)dxu{s,Xl’-), s £ [t,T]. 

Remark 3 For notation simplicity, when t = 0 and only one x, we write 
{Xt,yt, Zt)t£^[o,T] for the solution of SDE (0) and BSDE (0) in the following. 

Using the solution of BSDE, Peng m proposed the following consistent 
nonlinear expectations. 


Definition 4 Suppose g satisfies (H1)-(H3). Let (yq-^Otefo.T] be the solution 
of BSDE (0) with terminal value ^ £ L‘^{Et), i-e.. 


yt=£.+ 


g{s,ys,Zs)ds 



ZsdWs- 


Define 


:= Vt for each t £ [0, Tj. 


*'5 railed the conditional g-expectation of ^ with respect to Et- In par¬ 
ticular, ift = 0, we write £g[^] which is called the g-expectation off. 
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Remark 5 The assumption (H3) is important in the definition of g-expectation. 
In particular, under the assumptions (H1)-(H3), if ^ G with to < T, 

then £g[i\Ft] fortG [to,T]. 

The following standard estimates of BSDEs can be found in [TOl ?,[T]. 

Proposition 6 Suppose gi and g 2 satisfy (HI), (H2) and (H3’). Let {yl zl)t^[o,T] 
be the solution of BSDE m with the generator gi and terminal value (i G 
L^{Ft), i = 1,2. Then there exists a constant C > 0 depending on K 2 and T 
such that 

E[ sup \yl - y(\^ + C |4 - z(\^dt] < CE[\e - e? + lotl^dt], 

Q<t<T Jo Jo 

where gt = gi{t, y(,z() - g 2 {t, yj,zl). 

Assume g satisfies (H1)-(H3), set 

Vg{A) := £g[lA] for each A G Ft. 

It is easy to verify that Vg{-) is a capacity, i.e., (i) Vg{%) = 0, Vg{Ll) = 1; (ii) 
14 (^) "ziVg{B) for each A C B. The corresponding Choquet integral (see [5]) 
is defined as follows: 

/ O poc 

>t) — l]dt + > t)dt for each ( G L‘^{Ft). 

-00 J 0 

It is easy to check that Cg[/^] = SqIIa] for each A G Ft. Moreover, |Cg[^]| < 00 
for each ( G L'^{Ft) (see [TT]b 

Definition 7 Two random variables ( and g are called comonotonic if 

[^(w) — ^(w')][77(w) — g{u!')] > 0 for each uj,uj' G LI. 

The following properties of Choquet integral can be found in [610E]. 

(1) Monotonicity: If ^ > r?, then Cg[l(] > Cg[g]. 

(2) Positive homogeneity: If A > 0, then Cg[A^] = ACg[^]. 

(3) Translation invariance: If c G K, then Cg[( + c] = Cg[^] + c. 

(4) Comonotonic additivity: If ( and g are comonotonic, then Cg[( + g] = 
Cg [?] + Cg [??] ■ 


4 


3 Main result 

Suppose n = 1, we define 

"H := {^ : 3b, a satisfying (S1)-(S3) and x such that ^ 

Hi := {$(0 G L‘^{Ht) '■ $ is monotonic and ^ G H}. 

H 2 ■= {‘h(C) G ■ ‘h is measurable and ^ G H}. 

The elements in Hi and H 2 can be seen as the contingent claims of European 
option. Now we give our main theorem. 

Theorem 8 Suppose g satisfies (H1)-(H3). Then 

(i) Sg[-] = Cg[-] on Hi if and only if g is independent of y and is positively 

homogeneous in z, i.e., gif, Xz) = Xg{t, z) for all A > 0; 

(ii) ^gV\ — [■] on H 2 if and only if g is independent of y and is homogeneous 

in z, i.e., git, Xz) = Xgit, z) for all A G M. 

Remark 9 In Chen et al. showed that £g[-\ = Cg['] on Hi under the as¬ 
sumption that g is positively additive, i.e., g{t, zi-l-z{,..., Zd-\-z'fi) = git, zi,..., Zd)-\- 
git, z{,..., z'fi) for Ziz[ > 0, i = l,...,d. Obviously, this condition on g is 
stronger than positive homogeneity. For example, g{z) = \z\ is not positively 
additive, but is positively homogeneous. 

In order to prove this theorem, we need the following lemmas. 

Lemma 10 Suppose g satisfies (H1)-(H3). Then for each given p G (1,2), 
there exists a constant L > 0 depending on p, K 2 and T such that for each 

V e 

\Cg[f]-Cg[v]\< L{1 + (E;[|er + lbp])^)(i^[l? - 

In particular, for each ^ G if {Ft), we have Cg[(^ A N) V (—iV)] —>■ Cg[^] as 
N —)> 00 . 

Proof. For each given p G (1,2), by Proposition 3.2 in Briand et al. [5], 
there exists a constant Li > 0 depending on p, K 2 and T such that for each 

1 e i'(^T), 

l^gK] -^gWI < Li{E[\£, - ■q\P])p . 

Set g{t, y, z) = —g{t, 1 — j/, —z), it is easy to check that 1 — Vg{A) = Vg{A‘^). 
Thus Cg[^] = From this we only need to prove the result for 

> 0 and 77 > 0. We have 

poo 

Jo 

pOO 

<Li {E[\I{^>t}-I{r,>t}n)--dt 

Jo 

poo 

= Li {E[\I[^yty - I[gyty\])pdt, 

Jo 
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- I{r,>t}\])--dt < {E[ f - I{r,>t}\dt]) 

JQ JO 


— (-£/[ / ^{^Ar]<t<^\/rj}dt]) P 

JO 


1 

p 


<(^[I^-^P])^: 


/ OO poo poo 

{E[\I{^>t} - I{r,>t}\])^dt < {J t-pdt)i{E[J t|/|5>t}-/{^>t}|dt])i 

p-l p^i r°° 1 

where ^ ^ = 1. Thus we obtain the result. □ 

p 9 

Lemma 11 Let b, a satisfy (S1)-(S3), g satisfy (H1)-(H3) and <i> G C^. Then 
there exist hk, cFk, Ok € Cl’^, k > 1, such that 

E[ sup \X,^-Xt\^+ r{\ak{t,X^)-a{t,XA^ + \z^-Zt\^)dt]^0, 
ie[0.T] Jo 

where {Xt, yt, zt)t£[o,T] *s the solution corresponding to b, a, g and {X^,y^, z^)t^[o,T] 
is the solution corresponding to bk, <Jk, gk- 

Proof. By the standard estimates of SDEs and Proposition |6l we only need to 
prove the result for bounded b, a and g. For any function h(u), u G K™, we will 
denote, for each e > 0, 


he{u) = f h{u — v)e "^p{ — )dv, 

JR™ £ 

where ip is the mollifier in R’" defined by (p{u) = exp(— )-^{|m|<i}- By this 
definition, it is easy to check that b^, and g^ satisfy (S2) and (H2) with the 
same Lipschitz constant. Also, we have be, (Je, de G and {be,iJe,ge) “t 
{b,a,g) a.e. in t for each fixed {x,y,z) G Thus by the diagonal method, 

we can choose a sequence bk, <Jk, Qk G such that {bk,<Jk,gk) ib,a,g) for 
every {x, y, z) G a.e. in t. By the Lipschitz condition, we get {bk, (Tk,gk) —t 
(6, CT, g) for every {x, y, z) G a.e. in t. By the estimates of SDEs, we obtain 

E[ sup \X^-Xt\^]<L 2 E[j {\bk{t,Xt)-b{t,Xt)\^ + \ak{t,Xt)-a{t,Xt)\^)dt], 
te[o,T] Jo 
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where the constant L 2 depending on Ki and T. By the bounded dominated 
convergence theorem, we can get i?[suptg[Q \X^ — Xt\^] —>• 0. From this, it is 

easy to deduce that E[J^ \ak(t,Xf) — a{t, Xt)\'^dt] 0. By Proposition [51 we 

can easily obtain E[J^ \zf — Zt\‘^dt] ^ 0. □ 

We now prove the main theorem. 

Proof of Theorem [8l We first prove that the condition on g is necessary, 
and then it is sufficient. 

(i) Necessity. We first prove the result for the case d = 1. For this we choose 
b{s,x) = 0, a{s,x) = zl[t,t+e]{s) and <l>(a;) = x, where z G R, t < T and e > 0 
are given. Then 

niD{y + z(Wt+e - Wt) :'dy,zG R,t <T,e> 0 }. 

Since £g[-] = Cg[-] on Jii and g is deterministic, by the properties of Cg[-] we can 
get 

£g[y + z{Wt+e - Wt)\Et] = £g[y + z{Wt+e - Wt)] = £g[z{Wt+e - Wt)\Tt] + y, 

£g[\z{Wt+e - Wt)\Et] = \£g[z{Wt+e - Wt)\Ft] for A > 0 . 

By Lemma 2.1 in Jiang we can obtain that g is independent of y and 
g{t,Xz) = Xg{t,z) for all A > 0. For the case d > 1. For each given a G R‘^ 
with |a| = 1, we define VF“ by JF“ = a ■ Wt and 5 “ : [0, T] x R x R —R by 
y, z) = g{t, y, az). It is easy to check that £g[(] = £ga, [^] and Cg[^] = Cg. [^] 
for ^ G L'^{E^), where := cr{Wt“ : t < T}VA/". Thus by applying the method 
of d = 1 , we can obtain g°‘ is independent of y and is positively homogeneous in 
z for each given a € R"^ with |a| = 1 , which implies the necessary condition on 
9- 

Sufficiency. By Proposition | 6 ] and Lemma 1101 we only need to prove the 
result for bounded and monotonic $. The proof is divided into two steps. 

Step 1. Let (Xt)tg[Q y] be the solution of SDE ([5]) corresponding to b and 
cr satisfying (S1)-(S3) and let (j)i G C^(R), i = l,...,iV, be non decreasing 
functions. We assert that 


N 


N 


£g[Y^ct^,{XT)] = Y.£gmxT)\. 


(4) 


i=l 


Let {yl, 2:t)tg[o,T]i * = 1,. ■., IV, be the solution of the following BSDEs: 


yl=MXT) + j^ g{s,zl)ds-j^ zldW,. 

By Lemma [TTl we can choose 5fc, (Jk, gk G Cl'^, k > 1, such that 

E[[ {\akit,X^)-a{t,Xt)\^ + \zl’’^-zlf)dt]^0, z = l,...,7V, 
^0 


( 5 ) 
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where yl’’", z] ’^)tG[o,T] is the solution corresponding bk, <Tk, gk and terminal 

value 4)i{XJf). From this we can get 

z]’^ ^ zl, ak(t, X^) ^ a{t, Xt) dP x dt-a.s.. ( 6 ) 

On the other hand, it follows from Theorem [2] that 

zl^^ = al{t,X'^)d,u^’\t,X^), (7) 

where x) := By comparison theorem of SDE and BSDE, it is easy 

to verify that u‘'^{t,x) is non decreasing in x, which implies OxU^’^it^X^) > 0. 
Thus by combining equation ([6]) and dzD, we obtain that there exist progressive 
processes DJ > 0, i = 1,..., such that 

zl = a^{t,Xt)Dl. 

Note that g is positively homogeneous in z, then we get 

N N N 

9{t, 4 ) = Xt)Dl) = g{t, a^{t, Xt)) D] 

i—1 i—1 i—1 

N N 

= g{t,a'^{t,Xt)YDl) = ( 8 ) 


Set 

N N 

Yt = Yyl Zt = Y 4 , 

i=l i=l 

then by combining equation ([S]) and (|S]), we can get 


N „T nl 

+y g{s,Zs)ds-J 


ZsdWs. 


By the definition of ^-expectation, we obtain equation (|^. 

Step 2. Let {Xt)te[o,T] be as in Step 1 and let $ be a bounded and monotonic 
function. Note that for each ^ G L?{Pt) and c G R, 


[C + c] — £g [C] + c, Cg -I- c] — Cg [^] -I- c, 

then we only need to prove the result for $ > 0. Since the analysis of non 
increasing $ is the same as in non decreasing $, we only prove the case for non 
decreasing $ with 0 < $ < M, where M > 0 is a constant. Eor each given 
> 0, we set 


^ (* ~ l)Af M 

J - 2^ —j 

2=1 2=1 


N 




It is easy to check that E[\^n{Xt) — $(Xt)P] < 0 as iV oo. Thus 

by Proposition [6] and Lemma ITOl we get 


£g[‘^>N{XT)] ^ £gmXT% Cg[<^N{XT)] ^ Cgi^Xr)] as IV ^ 00 . (9) 

For each hxed IV > 0, noting that $ is non decreasing, then {<!> > is [ui, oo) 
or (oi, oo), where is a constant. For each e > 0, we define 

f If f 1 V 

= / I[o.i-e,oo){x-v)-^p{-)dv,'tpl^{x) = / I(ai+e,oo){x - v)-ip{-)dv, 

JR t t J-^ £6 

where Lp{v) = exp(— check that tpf^^ G 

are non decreasing and satisfy 4- I[ai,oo): V'l,e t ^(ai,oo) as e ), 0. Thus 
we can choose non decreasing cj)!^ G Cj(]R), fc > 1, such that E[\(j)’l;(X t) — 
I^{$>iM}(-VT)P] 0 as fc —>■ oo, which implies 


E[\^^{Xt) - ^ E ^0 as fc ^ (X). 

i=l 

By Step 1, Proposition [5] and properties of Choquet integral, we can obtain 

M . M . 

Sgi^NiXT)] = lim £g[ = lim 

k—>-oo iV k—^oo iV 

2=1 2=1 

2=1 2=1 
N 

= = Cg[$Ar(XT)]. 

i=l 

Thus by (H]), we get £g[^{XT)] = Cg[$(XT)]. The proof of (i) is complete. 

(ii) Necessity. For the case (1=1, since 'H 2 3 Tdi, we can get that g is 
independent of y and is positively homogeneous in z by (i). On the other hand. 


{hI{WT-Wt>a} + hi{b>WT-Wt>a} : t < T, o < 6, o, 6, Ii, I 2 G R} C 722, 

by the proof of Lemma 9 in [T^], we can obtain g{t, z) = g{t, l)z. For the case 
d > 1, the proof is the same as (i). 

Sufficiency. By the similar analysis as in (i), for each (pi G C'j(M), i = 
1,..., IV, we can get 

N N 

£g[Y,UXT)]=Y.£g[UXT)]. 

2=1 2 = 1 

The same analysis as in (i), we only need to prove the result for 

N 

$(a;) = y^bjlAjjx), 

2=1 
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where bi > 0, Ai G ,B(K) and Ai D Ai+i. Set 

Px^{A) := P{X^\A)) for A € S(R), 

then by Lusin’s theorem, we can choose (f>^ € (K.), fc > 1, such that 

E[\^'y{XT) - IaAXtW] = [!</>?(^) - IaA^)?] ^0 as fc ^ CX). 

Thus we obtain Sgl^^Xp)] = Cg[^{XT)] as in (i). The proof is complete. □ 

In the following, we consider the case n > 1. We give the following assump¬ 
tions on a in SDE 

(54) There exists a. k < d such that ai{t, x) = {d{t, x), 0,..., 0) for i = 1, ..., n, 
where ai is the i-th row of a and d : [0, T] x R" -A R^^^. 

(55) There exists a k < d such that ai{t, x) = (d{t, x),ai(t, x)) for i = 1,..., n, 
where ai is the i-th row of cr, ct : [0, T] x R" —>■ R^^^ and di : [0, T] x R" —>■ 

]^lx(d-fc)_ 


Set 

Ha := {( : 36, a satisfying (S1)-(S3), (S4) and x G R" such that ^ = x!^'^}. 

'Hi := : 36, a satisfying (S1)-(S3), (S5) and x G R" such that ^ = x!^’^}. 

H 5 := {$(^) G L'^{Ft) '■ is measurable on R" and ^ G H 3 }. 

He := {$(0 G L\Ft) ■ is measurable on R" and ^ G H 4 }. 

By the same analysis as in the proof of Theorem | 8 ] and the method in the proof 
of main result in [HIS], we can obtain the following corollary. 

Corollary 12 Suppose g satisfies (H1)-(H3). Then 

(i) £g[-] = Cg[-] on H 5 if and only if g is independent of y and is homogeneous 

in z, where g(t, y, z) := git, y, (z, 0,..., 0)) for (t, y, z) G [0, T] x Ri+'=; 

(ii) fg[.] = Cg[.] on 'He, if and only if g is independent of y, git, (5, z')) = 

giit, z) + 52(i, z') for z G R^, z' G yi is homogeneous in z and g 2 

is linear in z'. 
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